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re investment constraints a way to manage risks,

or rather an outdated approach to risk man-

agement? Or a worst case safeguard against a

breakdown in risk management practices, and
a practical reality of institutional investing?

We want to provide a closer look at the costs of con-
straints and suggest a new methodology to measure the
impact of individual constraints on an investor’s value-
added. To our knowledge, no such approach has been
taken yet.

We first discuss the concept of information ratio
shrinkage, as introduced by Grinold and Kahn [2000] and
later given a fresh interpretation by Clarke, de Silva, and
Thorley [2002] under the name transfer coefficient. Their
estimates of the effect of constraints on optimal portfolios
involve the calculation of a constrained and unconstrained
optimization together with a comparison of the objective
functions. This is helpful but not complete.

We therefore consider the use of Lagrange multpliers
as discussed in Grinold and Easton [1998] to calculate the
distorting effect of various constraints on the forecasts
made from an alpha-generating model. We believe our
approach provides much more information than a simple
distribution of portfolio weights. It also allows us to relate
distortions in the portfolio construction process to stock
characteristics. We confirm the intuition that the long-only
constraint is less damaging to large stocks than to small
stocks, while the reverse is true for the size constraint.

Our primary innovation is that we can decompose
the effects of portfolio constraints on total value-added.
After all, it is value-added that is important, not individual
weight distortions. Constraints might create distortions
in implied alphas, but could still have little impact on
value-added.
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In order to account realistically for leverage, we need
to calculate the sum of absolute positive and negative
weights. For this we introduce mixed integer variables. As
this makes the resulting Lagrange multipliers difficult to
interpret, we introduce a two-step procedure to arrive at
the required multipliers.

INFORMATION RATIO SHRINKAGE

Active quantitative managers usually start with a
long/short portfolio that best describes their alpha fore-
casts, @, that arise from their specific valuation model
across i =1, . . ., nstocks. This portfolio is generally free
of institutional constraints (client-specific or regulatory
constraints), as the view on a given company is clearly
independent of the often arbitrary and conflicting con-
straints arising from each individual client portfolio.

Views inherent in this portfolio can therefore be
summarized as global alpha, 1.e., an alpha that is unique
for each stock and identical across investment universes.
In a world without long-only constraints (and in the
absence of any other constraint on factor, industry, and
beta exposure), the optimal position for asset i relative to
asset j is given by the solution to a standard active invest-
ment management problem.

We want to maximize portfolio utility:'

2w = %2 2_,- Wite 0 (1)

that arises from active positions w, where o, denotes
the covariance between asset i and j, and A captures risk
aversion.

The solution to this problem is given by:*
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The first term in parentheses reflects relative alphas
adjusted for their uniqueness. Note that a, — EJ,, B,a, denotes
the alpha of asset i that is not already explained by the
remaining n — 1 alpha, where B, can be interpreted as the
optimal position in asset j for a portfolio that attempts to track
asset i as closely as possible using all the remaining assets.

The second term in the parentheses in Equation (2)
calculates the differences in risk that cannot be hedged
through long/short positions, where ,4/1-R? denotes
the risk of the variance-minimizing hedge.
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Essentially we can think of the B, as the optimal
positions of a funding portfolio. Note that we do not use
B, and B, interchangeably, as hedging positions are not
generally symmetric.

Without long-only constraints, the optimal relative
weights w, /w} do not depend on tracking error require-
ments, or risk aversion, or benchmarks. In fact, optimal
portfolios differ only by a scaling factor, which leaves the
information ratio constant. This is exactly what one would
expect from a performance measure.

The efficient frontier becomes a straight line, and all
active portfolios along this line have unit correlation, as
again they are clones that differ only in leverage. Imposing
constraints will result in inefficient portfolios, as the optimal
relative allocation changes.

In short, the relative weights in a constrained port-
folio will differ from the relative weights in an uncon-
strained portfolio:

* ¢
w, 4 W,
w,w (3)

J J

Removing or even relaxing the long-only constraints
allows a more efficient portfolio construction process.
Alternative explanations are likely to be overoptimistic as
to their explanatory power. This powerful insight was pro-
vided by Grinold and Kahn [2000] and remains the main
reason behind the appeal of unconstrained investing.

To exemplify their argument, we compare an uncon-
strained benchmark relative optimization versus the S&P
500 (benchmark weights are as of June 30, 2006) with opti-
mizations that show varying levels of constraints. To sim-
ulate the effect of constraints, we maximize expression (1)
subject to a cash-neutrality, a beta-neutrality, a size-neu-
trality, and a typical no-short constraint:

2:':] w, =0 (4)

2. wiB=0 (5)

Z; w;s; =0 (6)

Wy S W, @)

where =,  denotes the benchmark stock weight. In other
words, the maximum underweight (negative active posi-
tion) of a given stock equals its benchmark allocation.
Note that B, and s, are the exposures to a given charac-
teristic, 1.e., the stock size or benchmark beta.
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The effect of Equations (4) through (7) can be seen
in Exhibit 1, which plots active weights relative to sorted
alphas. The highest alphas are found at the right end of
the x-axis. They represent the top-ranked overweights.

ExHIBIT 1
Active Weight versus Sorted Alpha
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Each graph shows the optimal active weights for an S&P relative investor with risk aversion of A = 4
versus the sorted security alphas. Covariance matrix for S&P 500 from BARRA as of 06/30/2006.
Alphas are lowest at the lefi-hand side and increase moving toward the right-hand side. Roughly 50% of

alphas relative to the SEP 500 are positive, while the other half are negative, All alphas are drawn from a

normal distribution with mean and standard deviation equal to 0 and 0.0086, respectively.

EXHIBIT 2

Distribution of Benchmark Weights and Stock Beta
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while the maximum factor is 7 for betas.
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In an optimization including all constraints (top left-
hand graph), where we include a long-only as well as cash-,
beta-, and size-neutrality constraints, the optimal weights
seem to bear little relation to the relative attractiveness of

a given stock as measured by its alpha. In fact
stocks with high alphas get underweighted by
the same amount as stocks with very nega-
tive alphas. The associated IR equals 0.40.

Removing beta-neutrality will leave
this effect virtually unchanged. The first
noticeable change arises when the size con-
straint is removed. Comparing the upper
right-hand with the lower left-hand barplot,
we can see that a removal of the size con-
straint will lead to a smoother transition from
overweights to underweights. This is intu-
itive, as betas vary to a much smaller degree
than benchmark weightings.

It is easy to find stocks that differ in
their weightings by a factor of 200 or more,
but literally impossible to find two stocks that
differ in beta by the same factor, as can be
seen in Exhibit 2. The reason is that under-
weighting large stocks despite their positive
alpha in order to generate size-neutrality is
now no longer required.

Finally, removing the long-only con-
straint altogether seems to have the greatest
impact on implementation efficiency. We
observe a smooth transition from the largest
negative to the largest positive weight posi-
tions, where over- and underweights are closely
aligned with the size of the corresponding
alpha. Consequently, the IR is highest (0.65).

Note that the size constraint impacts
optimal portfolio choice in three different
ways. First, the long constraint leads to a reduc-
tion in breadth of active decision-making.
For stocks with low index weights, we can
implement only positive positions. Theo-
retically, the IR on those stocks drops by
I over the square root of 2, as only half of the
views can be implemented.

Second, the long-only constraint can
lead to an unwanted size bias that can entirely
swamp the performance of a stock-picker.
Trivial overweights need to be financed
by underweights, but as small stocks offer
little opportunity for underweighting, we
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eventually need to use large-caps. This will lead to a pos-
itive small-cap bias.

This bias is the real reason it is sometimes so diffi-
cult and sometimes so easy to beat the S&P 500. If large-
caps outperform, the portfolio construction-induced
positive small-cap bias will make it literally impossible to
beat the S&P 500. This has nothing to do with any claimed
efficiency of the S&P 500.

Finally, imposing a long-only constraint removes
the ability to hedge stock price risks; i.e., it makes risk
management more difficult. For example, relative value
trades between two small-cap stocks become virtually
impossible to implement.

The Clarke, de Silva, and Thorley [2002] interpreta-
tion of Grinold and Kahn [2000] has proven to be highly
valuable for portfolio practitioners. The so-called transfer
coefficient 7T effectively represents the ratio of two informa-
tion ratios T— IR/IR, where IR and IR denote the infor-
mation ratios of both an unconstrained and a constrained
optimization.” By definition, the transfer coefficient will always
be smaller than or equal to one (7 < 1), as a constrained
optimization will ex ante (i.e., in-sample) always do more
poorly than an unconstrained optimization. In the example
of Exhibit 1, the transfer coefficient from an unconstrained
to a completely constrained portfolio is 7= 0.40/0.65 = 0.62.

Both Grinold and Kahn [2000] and Clarke, de Silva,
and Thorley [2002] mainly target to provide the total
impact (rather than a decomposition) on the cost of con-
straints. We would like instead to measure the impact of
constraints down to individual restrictions at the security
holding level or else be able to exactly specify the cost of
alternative sets of constraints.

USE OF LAGRANGE MULTIPLIERS

Rather than providing a top line number, we would
like to be able to specify the costs of constrained investing
(especially the long-only constraint) at the individual secu-
rity holding level. If we can achieve this, we can relate the
costs of constraints to individual security characteristics like
benchmark weighting or stock market beta.

In order to do this we must return briefly to first
principles. We first rewrite (1) in vector notation, so the
problem can be stated as:

maxw' o — =y w' Qw (8)
where w=(w,,...w,)" represents the n X 1 vector of active
weights forall i=1, . . ., nstocks; a=(a,....a,)" denotes
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the nX 1 vector of raw alphas (original forecasts);
A=(a/0o") represents investors’ risk aversion; and () stands
for the n X 1 covariance matrix of asset returns. We also
allow a set of linear equality constraints, which can be
summarized as:

Aw =0 9)

where A stands for a k X n matrix of stock characteristics.
Note that k represents the number of equality constraints,
in our case, k = 3, and the exact form is given by:

1 1 R0
A=|s s 5, Aw = Z.—wisf
B B - B, > whB

The final constraint is a long-only constraint in dis-
guise, as we require:

w2 -w, (10)

and again w, is an n X 1 vector including the individual
benchmark weightings.
We can summarize all this in a Lagrange function:

L=w'a-42w'Qw

+y (w+w,—s")+0" (Aw) (11)

where s is used for a vector of slack variables.

Note that 7y represents an n X 1 vector of Lagrange
multipliers on the individual no-short constraint. These
multipliers are always positive, as a negative value would
actually reverse the constraint. The vector 0 is kX 1 and
represents the Lagrange multipliers on our equality con-
straints. In contrast to the Lagrange multipliers on the
long-only constraint, their signs are undetermined.

The first-order condition of (11) tells us that we can
write the optimal constrained solution in closed form as
a function of the Lagrange multipliers:

w =A"Q (a+y+A"0) (12)

This is important, as these multipliers are a natural
way to describe the costs associated with a given con-
straint. For any binding constraint, they describe the
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shadow price of relaxing these constraints in terms of
units of the objective function won. In fact (12) is only
one among many Karush-Kuhn-Tucker (KKT) condi-
tions for solving a quadratic program.*

At this stage we do not intend to ask ourselves how
to determine the Lagrange multipliers optimally. Virtu-
ally all optimization packages routinely provide the
Lagrange multipliers of a constrained optimization
problem. There is no need for the reader to replicate the
calculations performed by sophisticated packages like
CPLEX or NUOPT. All one needs to do is to store, use,
and interpret the Lagrange multipliers in the way we sug-
gest in this article.

Note that we can use this framework to express
liquidity costs. The inability to enter a position works like a
constraint, so we can relate the lack of liquidity to its costs.

We start with the well-known expression for
implied returns. For a given vector of constrained port-
folio weights, w*, the implied alphas o can be defined
as AQdw*. In other words: The required alpha for a given
asset equals its marginal contribution to risk times risk
aversion.

Multiplying both sides of (12) by A{), and using
that identity, we can rewrite the first-order condition to
arrive at:’

a'=a+y+A'0 (13)

where a denotes the vector of implied returns of the
constrained solution.

Economically this means that we now have a way
to decompose the alphas that have been distorted through
the introduction of constraints into the origins of these
distortions. For the i-th alpha, (13) can be expressed more
transparently as:

o =a+y,+0, 1456, +04B, 14

where 0, 6, and Bﬂ reflect the multipliers on cash-, size-,
and beta-neutrality constraints.

It is worthwhile to spend some time on (14), as it
essentially provides valuable insight into how raw alphas ()
are transformed during a process of constrained optimiza-
tion into implied alphas (@; ). The first adjustment to raw
alphas is made for hitting the lower barrier on individual posi-
tion limits. If a lower limit for the i-th stock is hit (for
example, a minus 3.5% benchmark weight), the Lagrange
multiplier will be positive, y, 2 0, and thus the implied
alpha (a;) of this stock is higher than the original (). This
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correction is needed to make a larger short position unat-
tractive.

Constraints implicitly change the forecast our val-
uation models make and therefore create inefficiencies.
Suppose we face only a no-short constraint. In this case,
we can rewrite (2) as (15):

_w_,( (a, +7,)_ZJ;&1B§;(QJ' +7;) U'Vf(i_R?)

w;‘z (Cl’_.‘""}’_,')_Zs:;Bjr(a,+'Y.') . Uf(l_Ré) =

We can see in (15) that even if two assets end up
hitting no constraints (y, =y, = 0), their relative weights
under short constraints are still likely to differ from the
unconstrained case as the multipliers on the remaining
stocks might be non-zero, indicating a change in relative
attractiveness. This is what we expect (and observe) in a con-
strained optimization, and it reflects the strange way con-
straints can work through the system.

The remaining equality constraints are broken down
to the individual security level by using the security expo-
sure to a given constraint. How does this work? Suppose
we have an exceptionally high alpha for a large-cap stock,
but the size constraint forces us to remain size-neutral. In
this case, we are most likely forced to underweight another
large-cap stock (even though it might have decent posi-
tive returns), as the overweight needs to be funded by an
underweight.

In short, while a given alpha makes the same con-
tribution to active returns, irrespective of size, it will have
a much greater (distorting effect) on constraings for a large-
cap stock.

This approach allows us to identify the distortions
in implicit forecasts created by each single constraint,
rather than merely looking at optimized weights or cal-
culating a top-line figure like the transfer coefficient. We
are also now able to relate these distortions (shadow costs
of a particular constraint) to stock characteristics or bench-
mark allocations.

Exhibit 3 shows the decomposition of Equation (14)
for the example. The most interesting effects of constraints
on implied alphas arise from the size and long-only con-
straints. We can see that the shadow costs (equivalently, the
Lagrange multiplier) are greatest for high-capitalization
stocks. Any active weight in a large-capitalization stock will
lead to more distortions than an active weight in a small-
cap stock, as the same weight will break the size con-
straint to a much greater degree. Twenty positive active
1% positions in stocks with a market cap of $1 billion are
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EXHIBIT 3
Costs of Constraints—Disruption of Raw Alphas

Shadow Cost of Beta-Neutral Constraint

1s: What harm can constraints do to value-
added, 1.e., investor utility? Remember that
constraints might create distortions in

5 implied alphas, but could still have little
=3
3 impact on value-added.
8 Let us focus on the alpha differential
o 3
e first. We suggest using the first-order KKT
: . ~onditions i 2 directly break d
. Shariow Cost of Sl Nl Constiak cond.mons in .(1 ) to L‘ll'tt.tly break down
g the difference in portfolio alpha for the con-
E strained and unconstrained portfolios. In
| prom other words, we want to decompose the dif-
ference between the returns of an uncon-
Shadow Cost of Long-Only Constraint strained portfolio (@) and a constrained
w
e portfolio (a‘) into a function of Lagrange
2 multipliers.
g . We start with definition of the alpha
size . .
differential:
Each graph shows the Lagrange multiplier (more precisely, the average across 10 simulations) for an S&P
relative investor with a high degree of tracking risk aversion (A = 10), versus the sorted security benchmark
ighting. Along the x-axis stocks rank fr e stocks (left) to small stocks (right). Covariance matrix fi € o\T
weighting. Along the x-axis stocks rank from large stocks (left) to small stocks (right). Covariance matrix for a—a = (W — ) o (1(])

S&P 500 from BARRA as of 06/30/2006.

required to neutralize a single negative active 1% posi-
tion in a $20 billion stock.
In simple math terms, we write this as:

1%-14+--+1%-1-1%-20=0

Compared to the size constraint, there is little impact
from beta-neutrality. The greatest impact comes from the
long-only constraint. Here we see a negative relation
between size and shadow costs. A long-only constraint
on large stocks creates little distortion (for small tracking
errors) in implied alphas as the short side becomes rarely
binding, while the same constraint causes much more dis-
ruption for small-stocks, due to the inability to leverage
negative alphas.

CONSTRAINTS, ALPHA,
AND VALUE-ADDED

Follwing Grinold and Easton [1998], we use the rela-
tion expressed in Equation (13) to explain the distorted
alphas as a function of constraints. This allows us to answer
questions such as: What harm can constraints do to your
forecasts? The more interesting question, however,
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Then we substitute (12) into (16) and use
w=A"Q"'a to arrive at

a-a'=A"Qla-A"Q N (a+y+A"0)
=ATQN(-y-AT0) @

(—y" -0"AN Q'

—(y'w+0"Aw)

In other words, the (positive) difference between
unconstrained and constrained return is a function of the
Lagrange multipliers and thus can be decomposed into
its origins.

Expanding this expression, we get the breakdown:

a-a = _Z; wy, — 86, 2, w, — 06, Z. w;s; — 0 2‘ w, B,

The first term, —Z,w,Y,, represents the contribution
of the long-only constraint. It is clearly positive as 7y, is posi-
tive only for those stocks where the long-only constraint
is binding, i.e., where w, is negative.

The ultimate objective of any analysis regarding
the costs of constraints is to quantify the impact of con-
straints on the loss in utility relative to an unconstrained
solution. This has not been addressed in the literature.

Using the same framework as above, we will show
how to decompose the difference in value-added into its
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contributors. Let us first substitute o = AQw into the dif-
ference in value-added given in (17):

U-U'= (wrra = % w—"'Qw] - (w‘?la = % w' Qw' J (17)

where unconstrained and constrained utility are denoted
by U and U, respectively.

The difference in utility is then more compactly
written as

U-U"==(w-w)" Q(w-w)

D> >

A'Q T (y+ATe) QATQ T (y+AT8)

(y+A'0) Q'(y+A'0)

2|

We can view this as the risk term w* = 2A(U -U*).°
The reader can recognize this is linear-homogeneous and
hence decompose it into its marginal contributions:

rdy  ordy
=y +0" L
V=Y "
_r Qv +ATH) o AQ T (y+AT)
4 Y

Finally, multiplying both sides by i again, we arrive at:

U-U'= 51; y Q' (y+AT0)+0" - AQ ' (y+AT0)

v

contribution of
equalicy constraint

contribution of’
no short constraint

(18)

This gives us a compact expression for the difference
in utlity as a function of the respective Lagrange multipliers.
We can now use (18) to continue our S&P example and
distinguish the relative contributions as shown in Exhibit 4.

We start with the base case, where we assume that
alphas and stock size are unrelated, i.e., their correlation
is zero. This is the case of true alphas reflected in the first
two rows for lambdas of 4 and 10, respectively. The long-
only constraint is responsible for almost 100% of the utility
loss generated by introducing constraints.

What might be surprising is the zero impact of the
size-neutrality constraint. Where does this come from?
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EXHIBIT 4
Percentage Contribution to Loss in Utility

Correlation of Percentage contribution to loss in utility
alpha and size Lambda Uniiity loss Cash Beta Size Long onky
heutrality | Neutrailty | neutrailty
10 00133 2% 0% 0% 88%
pla.s)=0

4 0.0469 4% 0% 0% 96%

10 0.0148 2% 0% 13% 85%
pla,s)=-03

4 0.0445 3% 0% 4% 3%

10 0.0183 2% 0% a7% 51%
pla,s)=-086

4 0.0517 4% 0% 43% 53%

Calculations performed using BARRA covariance marrix as of 06/30/2006. All
alphas are drawn from a normal distribution with mean and standard deviation equal
to 0 and 0.006, respectively. The dominance of the long-only constraint becomes con-
siderably less if the focus of an investment process shifts away from stack selection.

As long as the universe is large and alphas are unrelated
to size, the optimizer will very likely find another large-
cap stock with negative alpha for every large-cap stock
with positive alpha. Maintaining size-neutrality causes
minimum disruption in the portfolio construction process.

We could say alternatively that we don’t need a size
constraint if our signals (alphas) are almost size-neutral.
After all, a size constraint is a safeguard against sloppy
analysis that confuses the premium for small-cap stocks
with genuine alpha. A common example is firms that
rank stocks on the basis of their dividend discount rate (dis-
count rate that equates stock price with projected cash
flow to equity owners). Small-cap stocks naturally have
higher dividend discount rates because they tend to rep-
resent higher risks.

Let us instead introduce a negative correlation
between alpha forecasts and firm size. This can be either
the result of sloppy analysis as mentioned earlier or because
small-cap stocks tend to be underresearched and hence
offer higher alphas than large-cap stocks. Assuming a neg-
ative correlation of —0.3 between alpha signal and firm size
(more precisely benchmark weighting), we arrive at rows
three and four in Exhibit 4. The size constraint starts to
have an impact on total value-added.

Increasing this number to -0.6 changes the picture
entirely. The size constraint now has the same negative
impact as a long-only constraint.

The reason lies in the mability of the optimizer to
compensate active weights in a large-cap stock by another
large-cap stock, because this group of stocks has alphas that

THE JOURNAL OF PORTFOLIO MANAGEMENT 51



tend to be similar in direction. As a result, the optimizer
cannot make use of the information that large-cap stocks
as a group outperform or underperform small-cap stocks.
If this information becomes dominant in the alpha signal
(raising correlation), the corresponding in-sample loss due
to the long-only constraint becomes very damaging.

This raises a more philosophical point. Size con-
straints have traditionally arisen from both clients’ unwill-
ingness to pay portfolio managers for collecting a risk
premium and asset managers’ unwillingness to swamp
stock-picking performance by large timing bets.

While our decomposition in (18) will always show
that it is in-sample a good idea to relax the size constraint,
the same is not necessarily true out-of-sample. If one has
no skill in timing the size premium (overweight size if the
size premium is higher than its equilibrium premium),
taking size bets will only crowd out alpha bets for any given
tracking risk and depress the information ratio. Ex post,
the size constraint might very well increase value-added.

An analysis like that in Exhibit 4 also helps a diag-
nosis. If the size constraint becomes a major drag on value-
added, the investment process needs to be reviewed. Either
the constraint needs to be relaxed, or the analysts need to
refocus on alpha instead of collecting a risk premium.

LEVERAGE AND
DIMINISHING SHADOW COSTS

To analyze the benefit of partially relaxing the long-
only constraint, we first lay out the long/short optimization
formulation used in our example. For convenience of for-
mulation, we denote securities” active holding positions as

W, =Wy — W, — Wy,

I o 5,1 i)

w; 20, w20 (19)

where w, represents a security’s long position while w,_
denotes its short position, and w, is the benchmark weight.

As the partially relaxed long-only portfolio, e.g.,
120/20, allows short positions as long as the portfolio’s
total leverage exposure is within a prespecified range, we
need to replace the long-only constraint by a leverage con-
straint that specifies the portfolio’s maximum leverage
exposure L:

Z w; + Z w,S1+L (20)

For the long side of 120, we need to short (borrow
against a lending fee and sell) stock worth 100. We also
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might want to introduce integer variables to prevent simul-
taneous long and short of the same securities. We use the
constraints to achieve this:

bm 2wy, (1=b)m 2 w,; (21}

where m is a high number.

Note that Equation (21) operates like a switch. If
b,= 1, then the short position of security i will be forced
to equal zero; otherwise, the long position will equal zero.
The size-neutrality and beta-neutrality constraints are the
same as before.

Although the formulation in (21) allows us to find
the optimal active holding position of a relaxed problem,
it also makes explanation of the shadow costs unclear,
because of the separation of the long and short position.
Another downside is that the Lagrange problem becomes
non-differentiable exactly because of the integer variable.

To make our utility decomposition methodology work
for the partially relaxed long-only problem, we propose a
two-step optimization approach to calculate the shadow
costs of constraints. In the first step, we solve the optimiza-
tion problem with the help of the binary variables to achieve
a portfolio satisfying the leverage and other equality con-
straints. We then prespecify the sign of the holding posi-
tions of all the securities according to the optimal value of
the binary variables and resolve an equivalent problem.

The equality constraints can be summarized as:

E E 4 [ Z,, wi, |
11 R
& Sz e S, Z.' w,;s;
B B ... B, > wB |
1+L= w,],
B= e

0
0

The first constraint is the leverage constraint, which
requires the portfolio’s leverage to equal L. The coeffi-
cients of the leverage constraint are defined as

1 if b=1
—1 if b=0

I =

(22)

where b, is the value of the integer solution of the model
with integer decision variables.
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In addition to the equality constraints, the inequality
constraints specify the sign of the active positions based
on the value of b;

w,+w,, 20 if b=1
w,+w,; 0 if b =0

We can now find the dual variable for each con-
straint and analyze the effects of constraints on alpha dis-
tortion and utility loss. In fact, this two-step optimization
approach assumes that the optimizer uses the branch and
bound approach to tackle the integer problem, and the
second step simply takes the optimal integer solutions to
find the meaningful shadow costs for each constraint.
Equipped with this theoretical insight, we can now recal-
culate Equation (18) under the additional use of leverage.

Exhibit 5 summarizes the results, where we explic-
itly assume that p(¢;, 5;) = 0. Thanks to our methodology,
we can observe two characteristics of leveraged solutions.

First, we see that the loss in value-added is lower
after allowing leverage if we compare the numbers for
utility loss in both examples. Note that leverage does not
improve performance per se; i.e., the result is not due to
taking greater risks, but rather to taking risks more intel-
ligently and efficiently.

Second, we observe that as leverage increases, the
long-only constraint becomes less and less binding; i.e.,
we see a decline in its contribution to the difference in
value-added. This should come not as a surprise but as a
confirmation. After all, we used leverage to partially make
the long-only constraint obsolete.

EXHIBIT 5
Impact of Leverage

Percentage contribution to loss in utility
Leverage Utility Loss Cash Size
Leverage | poutrality | Neutrality | Long-Only
120/20 0.0125 75% 0% 0% 25%
140/40 0.0112 79% 0% 0% 21%
160/60 0.0100 B81% 0% 0% 19%
180/80 0.0098 83% 0% 0% 17%

Caleulations performed using BARRA covariance matrix as of 06/30/2006. All
alphas are drawn from a normal distribution with mean and standard deviation equal
to 0 and 0.006, respectively. Correlation between alpha and size has been kept art
zero: play, s,)=10. An increase in leverage reduces the slippage in utility across all
levels of risk aversion. The more leverage allowed, the less binding the long-only
constraint becomes. Note that L 5 0.4 relates to a 120/20 product.
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SUMMARY

We have provided a closer look at the costs of con-
straints and suggested a new methodology to measure the
impact of individual constraints on an investor’s value-
added. Rather than calculating the decay in information
ratio, we show how to use Lagrange multipliers in order
to decompose the difference in value-added into the con-
tributions coming from alternative constraints.

This differs considerably from current methods that
either focus on a headline measure of information ratio
shrinkage (also called transfer coefficient) or express the
impact of constraints as distortions in implied alphas.
While the latter approach can answer questions like: “What
harm can constraints do to your forecasts?” the more
interesting question to us is to ask: ““What harm can con-
straints do to value-added, i.e., investor utility?” Con-
straints might create distortions in implied alphas, but
could still have little impact on value-added, as we have
seen from the size constraint in our setting.

We also suggest using a decomposition of value-
added into its constraint-related parts as a diagnostic mea-
sure. As real alphas show no correlation with firm-specific
characteristics (or they would be called beta), constraints
on various betas will have little impact on the optimality
of a solution.

Size-, beta-, or value-neutrality constraints become
disruptive only when an investment process becomes dom-
inated by taking factor bets. In this case, it is not clear
that one should remove the constraints. In fact, this has
been the reason why constraints are there in the first place,
i.e., to align portfolio construction with skill.

Finally, we should note that this kind of analysis can
be performed only for an asset management process that
provides explicit signals (rather than directly choosing
weights) and uses portfolio optimization. In other words,
quantitative managers will benefit by far the most.

ENDNOTES

At the time this article was written, Bernd Scherer
was head of research and head of portfolio engineering at
Deutsche Asset Management in New York. The authors
thank Richard Grinold and Colm O-Cinneide for many useful
suggestions.

'See Fabozzi, Focardi, and Kolm [2006] for an excellent
review of portfolio and utility optimization in an equity context.

*See Stevens [1998] and Lee [2000].

*Grinold and Kahn [2000] call this the information ratio
shrinkage.
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*See Fletcher [1987] for an excellent resource on solving
optimization problems.

See Grinold and Easton [1998].

See Grinold [2006], Equations (5)—(9) for an indepen-
dent derivation with a similar focus.
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